Abstract. We solve an asymptotic problem in the geometry of numbers, where we count the number of singular n Â n matrices where row vectors are primitive and of length at most T. Without the constraint of primitivity, the problem was solved by Y. Katznelson. We show that as T ! 1, the number is asymptotic to ðnÀ1Þun ðnÞðnÀ1Þ n T n 2 Àn log ðTÞ for n 5 3. The 3-dimensional case is the most problematic and we need to invoke an equidistribution theorem due to W. M. Schmidt.
1. Introduction 1.1. A basic problem in the geometry of numbers is counting integer matrices with certain additional properties. In this paper we will solve a new counting problem of this kind. Let us consider the set of singular n Â n matrices with integer entries. We are interested in the question how many among these matrices have primitive row vectors, that is each row is not a nontrivial multiple of an integer vector. We count the matrices according to the maximal allowed Euclidean length of the rows. Without the constraint of primitivity the problem of counting such matrices was solved by Katznelson [2] . We will find that for n 5 3 a positive proportion of integer singular matrices have all rows primitive.
Let PN n ðTÞ be the counting function of the set PM n ðTÞ of n Â n singular integer matrices, all of whose rows are primitive and whose Euclidian length is at most T. That is, let PM n ðTÞ ¼ fM 2 M n ðZÞ: detðMÞ ¼ 0; primitive rows v i 2 Z n ; jv i j 4 Tg; and set PN n ðTÞ ¼ jPM n ðTÞj. In this paper we will determine the asymptotic behaviour of PN n , as T ! 1. Define a similar counting function N n ðTÞ, where N n counts n Â n integer matrices M with rows of length 4T, that is N n ðTÞ ¼ jM n ðTÞj, where Katznelson [2] showed that for n 5 3,
where the constant in the O-notation depends only on n. Recall that n!! denotes the product of integers 4n of the same parity as n. The constant u n is given by:
Trivially, PN n ðTÞ 4 N n ðTÞ, and thus PN n ðTÞ ( T n 2 Àn log ðTÞ. Moreover, PN n ðTÞ ) T n 2 Àn , since we can consider, for example, only matrices M with primitive rows v i , which satisfy v n ¼ v 1 and jv i j 4 T. A random vector in Z n is primitive with a positive probability, that is, the number of primitive vectors whose length is at most T, is )T n . The number of such matrices is obviously )
Àn . Combining the observations of this paragraph, we conclude that T n 2 Àn ( PN n ðTÞ ( T n 2 Àn log ðTÞ. For n ¼ 2 an elementary argument shows that
Our main result is: (ii) For n ¼ 3 we have
3 T 6 log ðTÞ þ OðT 6 log log ðTÞÞ:
1.2. Another way to treat our problem is to consider it as a counting problem of rational points with bounded height on a projective variety, see [1] .
|fflfflfflfflfflfflfflfflfflfflfflfflfflffl ffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl ffl} n times be the projective variety where the determinant vanishes. The height of a point X 2 P nÀ1 ðQÞ is defined by
whereX X is a primitive integral point in Z n representing X and j Á j is the standard Euclidian norm on R n . Now, for Y ¼ ðY 1 ; . . . ; Y n Þ 2 V, define the height
Then PN n ðTÞ is the number of points Y 2 V of height HðYÞ 4 T.
